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Abstract. Interband optical transitions in a semiconductor superlattice induced by an intense 
o p t i d  wave in the presence of uniform electric and magnetic fields are analysed. Both 
the oscillating electric field of the optical wave and the uniform magnetic field are direeted 
pupendicular to the heterolayers whilst the uniform electric field is in a direction parallel to 
the hetemlayers The superlattice potentid is modelled by a periodic chain of S-function- 
type barriers Quas-energetic time-dependent slates are used. The explicit dependence of the 
ccefficient of the multiphoton absorption on the frequency and magnimde of the light wave. thc 
superlattice parameters and rhe magnitudes of the uniform fields is obtained. It is shown that 
the dynamical Stark effect induced by the strong oscillating electric field leads to a shift of the 
edge of absorption to shorter wavelengths. The form of magneto-absorption essentially depends 
upon the parity of the number of absorbed photons and the relationship between the separation 
of the Landau levels and the total width of the elecvon and hole minibands. It is found that the 
main effect of a uniform electric field is to shin the absorption edge to longer wavelengths (the 
FranFKeldysh effect). 

1. Introduction 

At the present time, intensive theoretical and experimental studies of the optical properties 
of multilayer periodic structures are under way. The most common examples are the 
heterostructures formed by alternating layers of GaAs and GaAlAs semiconductors, which 
have similar properties but different forbidden gaps. In such structures, the electrons are 
under the effect of an additional periodic potential, which influences the electron motion in 
the direction Oz normal to the heterolayers. This potential consists of a periodic sequence 
of potential wells separated by barriers and causes changes in the threedimensional energy 
band spectrum. The energy spectrum associated with the z-direction of the superlattice is 
split into an alternating series of allowed and forbidden minibands. This miniband spectrum 
is superimposed on the two-dimensional band energy spectrum associated with the transverse 
motion. The overall character of the superlattice energy band spectrum reflects both the 
localized and extended carrier states of the potential wells due to the tunnelling through the 
barriers. 

Optical experiments, including interhand optical absorption, are the methods usually 
adopted for the investigation of these structures. These techniques are particularly effective 
in the presence of external electric and magnetic fields. For the case when the electric field 
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is along Oz, it is possible to observe experimentally [I]  the localization of electrons near the 
fixed superlattice cell and also the Stark quantization of the electron miniband. This effect 
has not been observed in bulk semiconductors due to the large width of their energy bands 
and also because of the smallness of the crystal period. Recently, experiments devoted to 
a superlattice subjected to both parallel and crossed electric and magnetic fields have been 
carried out [24]. Detailed reviews of such investigations of the electron states and of the 
optical properties of the superlattices in the presence of external fields have also appeared 
[5-71. 

Many calculations of either a numerical or a variational type of the one-photon 
absorption of a weak optical wave have been carried out previously. The numerical 
character of these calculations is a consequence of using real superlattice potentials, which 
consist of a large number of rectangular wells, separated by barriers with finite width and 
height. Evidently these potentials cannot be studied by analytical methods. Furthermore, 
these calculations involve the time-dependent intraband carrier states and ignore the effects 
of the timedependent electric field of the optical wave. The calculation of multiphoton 
transitions based on the independent states is possible in a high order of perturbation theory: 
for two-photon processes, second-order perturbation theory is required, for three-photon 
processes, third-order theory is required, and so on. These calculations rapidly become very 
cumbersome and thus only one- or two-photon absorption can be considered in practice. 

An analytical approach to the calculation of the interband optical transitions in a 
semiconductor superlattice has been developed recently [8.9] in which the superlattice 
potential barriers are modelled by barriers that are 8-type functions. Explicit analytical 
expressions for the time-independent carrier states and for the coefficient of one-photon 
absorption in the presence of electric [SI and magnetic fields [9]  were obtained. The results 
are in good agreement with both numerical calculations and experimental data [1,5]. 

In this paper, we investigate two items connected with the theory of optical absorption 
in the presence of external fields. Time-dependent intraband states induced by an intense 
optical wave, and interband multiphoton magneto- and electro-absorption, have not been 
considered previously. Thus an analytical theory based on the time-dependent quasi- 
energetic carrier states in the presence of external fields is developed here. The external 
field is a superposition of the time-dependent electric field of the optical wave and the 
uniform electric and magnetic fields. The oscillating electric and uniform magnetic fields 
are both along the Oz direction and the uniform electric field is parallel to the layers in 
the x-y plane. For this direction of the oscillating elecuic field, the interaction between 
it and the superlattice potential is greatesr Also, for this direction of the magnetic field, 
the effects of the magnetic field and the oscillating electric field are separated. In contrast 
to other directions of the magnetic field, it is possible to carry out the calculations in 
an analytical form. When the uniform electric field is parallel to the oscillating elechic 
field, the localization of the carriers require special consideration. The limiting form of the 
Kronig-Penney potential is used to model the superlattice potential which is represented by a 
periodic chain of 8-function-type barriers. The general expression for the coefficient of the 
interband multiphoton absorption in the superlattice is derived. The explicit dependence 
of the coefficient of absorption on the frequency and magnitude of the optical wave, 
the superlattice parameters and the magnitudes of the uniform fields is obtained. The 
multiphoton magneto- and electro-absorption is also discussed. 

In the analysis to be described below, it is shown that the allowed minibands are 
narrowed whilst the forbidden bands expand due to the dynamical Stark effect induced by the 
intense oscillating electric field. This leads to a shift of the edge of the magneto-absorption to 
shorter wavelengths. The magneto-absorption spectrum associated with transitions between 
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the ground hole miniband and the ground electron miniband gives a series of equidistant 
continuous absorption bands. The energy separations between the bands are equal to the 
separations of the Landau levels of the electron and hole bands. The form of absorption 
depends explicitly upon the parity of the number of absorbed photons. An absorption 
band involving an odd number of photons gives singularities near the band edges whilst a 
minimum occurs in the centre of the band. In contrast, the absorption tends to zero near 
the band edges for an even number of photons. The intensities of the band are equal; 
their overall shape depends upon the separation of the Landau levels and the widths of the 
electron and hole minibands. This relationship defines whether these bands overlap or are 
separated in a spectrum. 

It is also found that the effect of a uniform electric field is to shift the absorption edge 
to longer wavelengths (the Franz-Keldysh effect). In the general case, the intensities of 
the magneto- and electro-absorptions depend upon the number of absorbed photons and are 
found to decrease rapidly as this number increases. 

2. Quasi-energetic electron states in the superlattice 

Let us consider an electron of charge e in a semiconductor superlattice with a large number 
N' of periods a in the presence of an oscillating electric field qFocosot, of angular 
frequency o, magnitude Fe, polarization (unit) vector 7. an external uniform electric field 
E and a uniform magnetic field B. The total electric field is then given by 

(2.1) F(t )  = E + qFocosot. 

Assuming that the external fields, including the superlattice potential, satisfy the effective 
mass approximation, the equation for the envelope wavefunction Y describing a particle at 
a position P in a simple band with effective mass m is given by 

(2.2) {(i/zm)(-fiv - (e /2)IB . P I ) *  + V ( Z )  - eF(t)  . T ] V ( P ,  t )  = f i a w ,  t y a t  

where 

V ( Z )  = WO CS(Z - as) V ( Z )  = V ( Z  +a)  CQ > o s integer (2.3) 

is the periodic superlattice potential formed by the 8-function-type barriers of power WO. 
Transitions between the bands separated by a wide energy gap Eg occur via the operator 

P&(f) = Pocosot PO = iheFo(7 .p,h)/moEg (2.4) 

for allowed electric dipole transitions [IO] where pch is the matrix element of momentum 
between the amplitudes of the Bloch functions of the electron and hole bands and mo is 
the mass of a free electron. For uniform fields in the directions Bl[Oz and Ell - Ox, the 
solution to equation (2.2) is 

where 
B and E ,  and $(z ,  t )  obeys the equation 

is the transverse function of a particle with energy E l  in the uniform fields 
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The solutions to this equation with FO = 0 are 

4A0)(z, t .  k )  = e-k*(k)ffi+n(z, k )  (2.7) 

where 

~ “ ( k )  = c,(k + 2n/n) @dz, k )  = @“(z,  k + 2n/u) (2.8) 

giving allowed bands labelled sequentially by the index n. The functions &(z, k )  are the 
Bloch functions of the superlattice where k is the average momentum of a particle in the 
superlattice. An explicit form for weak barrier peneeation for which 

h = h2/2maa0 << 1 

can be found [8] where h is the reciprocal dimensionless barrier power. 
The expression for the energy spectrum is 

&(k)  = b, + $An(’ -coska) 

where 

b. = @2/2m)(nx/u)2[(l -2?.)2+4(-l)”A] 

and 

A” = 8(-1)””~~/2m)(nn/a)’h n = I ,  2 , 3 , .  . . . 
The lower boundsuy of each miniband is cn(0) = b,, and the corresponding width is An. 
We shall consider the ground minibands only, so the n = 1 label will henceforth be dropped. 

If we take into account the relation [SI 

a@/ak = iz@(l + O(A)) z Y as (2.10) 

where O(h) is a function of order A, the solution to equation (2.6) is the function 

r 
Q ( z , t , k )  = @ k , q ( h k ) l e x ~ (  -il d q ( r , k ) l d ~ ]  (2.11) 

where 

q(7 ,  k )  = k + (eFo/ho) sinor. 

It is easy to see that this function is a quasi-energetic solution satisfying the condition [ 111 

@ ( z ,  f + T, k )  = exp(-(i/h)&T)$(z, t ,  k )  T = Zn/o (2.12) 

with quasi-energy 

(2.13) 
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This quasi-energetic solution can be represented in the form 

$(z,  t .  k) = e-itfmf(z, t ,  k )  j ~ z .  t ,  k) = f ( z ,  t + T, k) (2.14) 

such that 

f ( z , t , k )  = e  i&tm $ ' l z . ~ ( ~ ~ ~ ) I e x ~ ( - ~ ~ s [ ~ ( ~ , k ) l d t ) .  

The functions are then expanded in a Fourier series to take into account the periodicity of 
the functions (2.8) in the form 

where I is summed over the superlattice indexes and where 

(2.15) 

(2.16) 

and the particle Wannier functions such that 

(Qi,lQi) = h. (2.17) 

It follows from the explicit form of the Wannier functions and the condition h << 1 that 
these functions are not equal to zero in the superlattice cells with indices s = I ,  1 + 1 , l -  1 
with Ql - hls-ll. The expansion (2.15) and the formulae (2.5). (2.13) and (2.14) define the 
quasi-energetic time-dependent state of a carrier in the miniband. 

3. The coefficient of the interband multiphoton absorption 

Let us consider the interband absorption as a transition of an electron-hole pair from the 
ground state to an excited state to give an electron at position T, in the conduction band 
and a hole at position TI, in the valence band. The ground state is then described by the 
function 1121 

*O(Vm Th) = 6 ( r e  - Th) (3.1) 

and the excited state by the function 

* ( r e ,  Tb, t )  = %(Fe,  t)*h(Th, t ) ,  (3.2) 

The electron function * e ( ~ e ,  t )  is defined by equation (2.5) with the addition of subscripts 
'e' to all parameters (n m, b, A, k ,  h, &L and E) .  Similarly, the hole function *h(Th, t )  is 
obtained by the addition of subscripts 'h' and with k. -kh, t + --f, e + -e and taking 
complex conjugates. In addition, in the expansion (2.15). the electron Wannier function 
Ql(z,) should be replaced by the hole function @,(Zh) with 

The coefficient of the interband dipole transition under the oscillating electric field effect 
is defined by the matrix element of the electric dipole operator (2.4) 

= 

8(Te - Pb)peh(")**(T,, Q, t) d r e d n  d". (3.3) 
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The relations between the transition rate W and the coefficient of absorption LY are 
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where n&o) is the refractive index, c is the speed of light, U(=  eoniF;) is the optical 
energy density, Q = L,LyN'a is the volume of the crystal, zh is a sum over all band 
states, and L,, L, are transverse dimensions of the crystal. 

Substituting the operator Peh and the function q ( ~ ~ ,  Th, t )  into (3.3) with (2.5), (2.4) 
and (3.2), the result for S(r) is 

I i  I S ( t )  = - 2 1' COSoZhf(r) CXP i;(&g 4- + &U 4- & -!- &h)Z d r  (3.5) 

where 

M ( r )  = - rh)~6(A)~;b(Ph)f, '(Z~, r ) f l ( Z h ,  5) dTedTh (3.6) 

such that M ( r  + 2 x 1 ~ )  = M ( r ) .  
Using the periodicity of M ( T ) ,  we expand it in a Fourier series such that 

+m 

M(r)cosor  = e-"OrA&J) 
(=-CO 

where 

AE(o) = - eiewt cos ut M (r) dt 

(3.7) 

(3.8) 

is the inverse relation. This in turn is substituted into (3.5) and (3.4), so that the general 
form for the coefficient of absorption (Y becomes 

where at is the coefficient of &photon interband absorption. 
If we neglect the time dependence of the function f (equation (2.4)) induced by 

the variable electric field, it follows that, from equations (3.6), (3.8) and (3.9), only the 
calculation of the one-photon absorption is possible. 

4. The calculation of the Fourier coefficients 

To find the longitudinal wavefunction (2.14) and quasienergy (2.11). (2.13) in an explicit 
form, we take into account that, for real superlattices and oscillating field Fo, the parameter 

(4.1) @ = eFoa/ho << 1. 
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If fio N &g N 1 eV, a = 50 A and FO = 5 x IO7 V m-', then p = 0.24. It follows from 
(2.14), (2.13), (2.11) and (2.9) that 

f(z, t ,  k) = $[z, q ( t , k ) l u ( t ,  k) (4.2) 

where 

u ( t , k )  =exp(-$<[psinka(I -coset) - ~ ~ 2 c o s k a s i n ~ o t ] )  < = AFW (4.3) 

(where A and b are taken for the particle under consideration) and 

& ( k ) = b + i A [ l  -coska(l-$p2)]. (4.4) 

Thus an intense oscillating electric field moves the minimum of the allowed electron 
miniband &(O) to the high-frequency region by 4A.S'. Its maximum &(r /a )  reduces to 
the same value. As a result, the allowed minibands are narrowed due to a dynamic Stark 
effect such that 

A(F0) = A(O)(l - an. (4.5) 

The expansion (2.15) of the Bloch function is now used by substituting the combined 
expression into (3.6). A transformation to the relative coordinates r and the coordinate of 
the centre of mass R is made using the relations 

r = r, - rh R = (mere + mhrh)/(me + mh) (4.6) 

and writing 

@Le ( p e )  @ih (Ph) = V'''R1 / (L L , ) " ~ I ~ I  ( p )  (4.7) 

where KL is the total transverse momentum of the electron-hole pair and @L(r) is a 
function of the relative transverse motion. In the dipole approximation KL rr 0 so that we 
have 

The overlap integrals of the Wannier functions of the electron and hole are given in explicit 
form in [SI. They are typically { Q T i Q p )  - hlf'-fl. For h << 1 and using (QTlQp) = 6u,, 
we have 

Cexp[-ia(& +kh)[] = N'G,++ (4.9) 
f 

and an explicit form of the functions U (4.3) for k, = -kh = k ,  by substituting the 
formulae (4.8) into equation (3.8). In the last equation, we define s h o t  = U ,  sinor  = U 
and find that 

A e W , k )  = G @ J . ( O ) & ( W ,  k) (4.10) 
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where 
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(4.11) &(a, k) = L $ d u  exp (ig!" 7 du (1 + % $)I 2R O C  

with 

g = e  - ${&2coska <eh =ie + ih 

and 

2g(k) = (5eh/g)1/2sinka/(coska)'~Z l/y2(k) = (c*/4g)pzcos ka. 

In the plane of the complex variable U ,  the line of integration spans the cut from U = -1  
to U = +l .  The integral in (4.11) has been calculated by the saddlepoint method [IO, 131, 
where g N e is a large parameter. 

For wide-gap semiconductors (with &g > fia) the total width of the minibands A. + Ah 
is small in comparison with E,. Therefore << 1, and y z  >> 1. In this case, the coefficient 
&(a, k) simplifies to 

B&, k) = ( 1 / 2 ~ ) e - i " ~ 2 ) ( f - ' ) ' ~ ~ z ( l / 2 y ) L - 1  sin(-Zt + er/Z). (4.12) 

Note that the results obtained above have a common character; they have no relation to the 
standard transverse states. 

5. Interband multiphoton magneto-absorption 

Let us consider the interband optical absorption in the presence of an external uniform 
magnetic field BllOz and E = 0. The wavefunctions @ ~ ( p )  and energies € l c , h  (Landau 
levels) are well known [8]: 

@~(0) = l/JZ;;aH &IN = E h  + &U = @eB/p)(N + 1) (5.1) 

where 

aH = (Tz/eB)'/2 p-l = me - I  + m-' h 

We substitute @l(O) and &J.N from (.5.1), and the coefficient Be (4.12) into (4.10) and (3.9). 
In equation (4.12). we assume g = 0 for odd e. For even e we should keep the dependence 
B&). The coefficient of absorption at (3.9) then becomes 

N = 0 , 1 , 2  ,.... 

( Y > ~ ( w )  = A'(e'/4e*)(i~;bS2/16e)L-'(e%h)PA~g(a) (5.2) 

where 

oe'lr]' PehlzI 0 odde 
jr&oacmi&iZno even e 

A' = 
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Figm 1. A plot of lhe superlaltice magneto-absorption 
ATs as a function of X = [o - o - ( O ) l / [ o + ( N )  - 
o-(N)] for heB/p(A. +Ah) = and 1 = 3 and 4. 

and the absorption connected with the Landau level N is given by 

(5.3) 

where 

ehw-(N) = Eg + (b. + bh) + (A, + Ah)B2/S + ( f i e B / M N  + $1 (5.4) 

and 

ehw+(N)  = Eg + (b. + bh) + (A, + &,)(I - #*) + ( f i e B / p ) ( N  + f) (5.5) 

with the upper and lower sign in equation (5.3) corresponding to even (g) and odd (u)l 
respectively. 

The form of the superlattice magneto-absorption specbum is depicted in figure 1 for 
l = 3 and 4 as a plot of A>' as a function of the dimensionless measure of frequency 

X = [0 - o-(O)]/[U+(N) - m-(N) ]  

and for the ratio 

f ieB/p(A,t  Ah) = 4. 
-. 
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The optical absorption gives a series of continuous absorption bands connected with the 
Landau levels €IN. N = 0,1,2,  . . . . The absorption is in the region o - ( N )  6 w 6 w+(N).  
There is no absorption outside the band. The distance between the neighbouring bands is 
equal to the separation and the distance AEL = f i e B / p  between the Landau levels. The 
width of the absorption band is equal to the total width of the electron and hole minibands 

If the distance between the Landau levels h e B / p  exceeds the width of the band Ae + Ah, 
the absorption bands are separated by a gap in the spectrum. In the opposite case there is 
a superposition of the bands. 

It follows from (5.3) that the intensities of all bands are equal, with the intensity 
depending on the ratio 

The shape of the absorption band depends on the parity of the number of photons e .  For 
odd e, the absorption has reciprocal root singularities [ w + ( N )  - o ] - ' / ~ [ w  - w-(N)]-'/' 
near the boundaries of the band. In the centre of the band, w = i [ w  ( N )  + w-(N)]  and 
the absorption is equal to zero except for the one-photon absorptlon for which = 1, 
m = 0. For even e. the absorption tends to zero near the boundaries having the form 
[o+(N) - w] ' / * [w - o-(N)]]'*. In the centre of the band, the absorption is equal to zero 
except for the two-photon absorption e = 2, m = 0. Notice that the intensity of the 
multiphoton absorption decreases with the number of photons such that a( - (#)'-' and 
(p2 << 1. To observe the transitions with e = 2,3 in the GaAs/GaAlAs structure, the 
optical wave should have an intensity of about IO5 MW m? In particular, the total width 
of the electron and hole minibands (Ae + Ah) could be determined from the experimental 
spectrum. In accordance with (5.6), this important parameter is determined by the distance 
between the boundary frequencies [w+(N)  - w - ( N ) ] ,  which corresponds to the singularities 
in the odd-photon magneto-absorption spectrum (5.3). Indeed, such singularities in the one- 
photon magneto-absorption spectrum have been used by Maan et al [I41 to measure the 
width of the ground conduction miniband in InAs/GaSb superlattices. 

We will obtain now some estimates using the parameters of GaAs in a GaAs/Gal-,AI,As 
heterostructure with n = 0.35, me = 0.065mo. mhh = 0.55m0, meh = 0.09mo and 
E, = 1.53 eV. We assume further that the superlattice has a typical period of 50 A and that 
h, = 0.05. We note that the selected quantity he corresponds to the electron miniband width 
Ae = 0.0926 eV, which is very close to the value of 0.0950 for Ac given in [ 5 ]  and obtained 
by numerical calculation using a model of rectangular wells of width 40 A separated by 
barriers of width 15 A. Other parameters are = 0.006, heh = 0.036, Ahh = 0.0013 eV 
and A h  = 0.048 eV. The total width of the minibands is given by Ae + Aeh = 0.14 eV for 

In a magnetic field B = 10 T, A€l.(h = 0.030 eV for the light hole and A€l,hh = 
0.015 eV for the heavy hole. The distance is less than the width of the absorption band and 
therefore there is a superposition of the absorption bands in the spectrum. The separation of 
the bands can be realized in structures in which there is anisotropy in the energy bands and 
also a strong magnetic field. These bands are characterized by small transverse masses and 
large longitudinal masses. This situation arises in the GaInAs/GaAlAs superlattice. When 
this structure is subjected to a magnetic field B = 20 T, the total width of the electron and 
heavy-hole minibands is less than the distance between the Landau levels. In this case, the 

2 .  + 

light holes and is Ac + Ahh = 0.094 ev for heavy holes. 
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shape of the experimental one-photon magneto-absorption spectrum 1151 is in very close 
agreement with the calculated shape given in (5.3) and shown in figure 1. 

It follows from equation (5.3) that, in the limiting case o f o - o - ( N )  << o+(N)-w-(N),  
we have 

This coincides with the results valid for bulk semiconductors [IO, 131. 

6. Ioterband multiphoton electro-absorption 

If the superlattice is under the effect of a uniform electric field Ell - Ox and B = 0, the 
transverse states with energy EL are described by the function 

where 
&L = &I, +  EL^ = &z + hzk;/2fi 

and where Ai[u] is the Airy function [16]. The normalization of the function (6.1) is defined 
by the relation 

S d p ~ L ( p , E , , k , ) ~ ; ( p , & ; , k ; )  =W, -k@(G -E;).  

Using the expressions (4.12) for Be and (4.10) for At together with the coefficient of 
absorption 1y from (3.9), we obtain the expression (5.2) for the coefficient of electro- 
absorption. The analytical expressions for the functions A:'(w) can be found in the 
asymptotic regions of the spectrum. For frequencies considerably lower than the energy of 
the edge, we have 

Ulth 
t h o  - - (be f h) - (Ae 4- Ah)pz/8 < 0 IEl >> Eo (6.2) 

(6.3) 
For considerably higher frequencies, that is when the edge E > 0 and E >> &o, there is no 
effect of the uniform electric field. If these frequencies are higher, the edge of the miniband 
is lowered if (Ae + Ah) > &O as A:'(@) is approximately constant. In the bulk case, the 
absorption increases with increasing frequency. 

Equation (6.3) describes the Franz-Keldysh effect 1171 in the superlattice in the presence 
of a transverse uniform elect& field. The electric field induces an absorption at an energy 
lower than the edge. This &sorption decreases exponentially in the drection of decreasing 
energy. Thus the absorption edge moves to a lower energy by an mount EO. The full shift 
Am of the edge will depend also upon the oscillating electric field FO so that 

In contrast to the bulk case, this shift depends not only upon the electric fields FO and 
E but also upon the total width of the electron and hole minibands (Ae + Ah). A very 
recent set of experiments by Schmeller et al 1181 has found stro&g subband absorption 
containing oscillations from an InGaAdGaAs quantum well. The authors suppose that they 
are observing the Franz-Keldysh effect although no detailed theory was given. It is possible 
that our calculations may have some applicability to this case but this application has not 
been attempted. 

3/4 4/3(IEl/&)3'2 A>'(@) - (IWW e 

thAW N (Ae + Ah)p2/8 - Eo. 
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7. Conclusions 

The results obtained above can be used for the qualitative and quantitative analysis of 
the multiphoton magneto- and electro-absorption experimental spectra of semiconductor 
superlattices. They extend previous calculations by including more than one photon and 
thus provide additional information for the modelling of experimental data on real systems. 
The analysis emphasizes the importance of including time dependence in the calculation of 
absorption spectra of superlattice systems when the oscillating field is intense. It is important 
to distinguish between the various components of an observed absorption spechum. The 
multiphoton conhibution has been shown to be important in the presence of an intense 
optical wave. Another important contribution is that arising from excitonic transitions. 
Work on this is in progress and will form the subject of a later paper [19]. It would be 
interesting to compare our calculations with experiment. 
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